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Exam 3 Distribution
43 points possible Graded out of 40

Avg=50, Stdev=24



*1) We were told both objects have equal mass and identical speed. 
This implies both objects have equal momentum magnitudes. 

The collision is perfectly inelastic (the two move together as a single object after collision). 

Since Vaida is moving at an angle, her horizontal momentum must be less than Zenobia’s. 
After they collide and stick together, we know they are moving to the right. 

Since Vaida brings downwards momentum to the collision, the two are moving downwards after the collision. 

After the collision, we expect the Vaida (and Zenobia) to move into the 4th quadrant (down and right). 
 
 
 
2a) Energy is NOT conserved here.   
Len is converting some energy from his cells to change the energy of the Len-mass system.   
Linear momentum IS conserved.  
Negligible net external force acting on the Len-Mass system. 
 
2b) Consider the before and after pictures shown at right. 
Now do conservation of linear momentum. 

(𝑚𝑚1 + 𝑚𝑚2)𝑣𝑣𝑖𝑖 = 𝑚𝑚1𝑣𝑣1𝑓𝑓 + 𝑚𝑚2𝑣𝑣2𝑓𝑓 

𝑣𝑣2𝑓𝑓 =
𝑚𝑚1 + 𝑚𝑚2

𝑚𝑚2
𝑣𝑣𝑖𝑖 

𝑣𝑣2𝑓𝑓 ≈ 50. 68
m
s

 

 
2c) Percent change in energy is given by 

%Δ𝐸𝐸 =
𝐾𝐾𝑓𝑓 − 𝐾𝐾𝑖𝑖
𝐾𝐾𝑖𝑖

× 100% 

%Δ𝐸𝐸 = �
𝐾𝐾𝑓𝑓
𝐾𝐾𝑖𝑖
− 1� × 100% 

%Δ𝐸𝐸 = �
1
2𝑚𝑚2𝑣𝑣2𝑓𝑓2

1
2 (𝑚𝑚1 + 𝑚𝑚2)𝑣𝑣𝑖𝑖2

− 1� × 100% 

%Δ𝐸𝐸 = �
𝑚𝑚2𝑣𝑣2𝑓𝑓2

(𝑚𝑚1 + 𝑚𝑚2)𝑣𝑣𝑖𝑖2
− 1� × 100% 

%𝚫𝚫𝑬𝑬 = +𝟗𝟗𝟗𝟗𝟗𝟗% 
  

𝑣𝑣𝑖𝑖 = 5.00
m
s

 

𝑣𝑣2𝑓𝑓 =? 
𝑣𝑣1𝑓𝑓 = 0 

Just Before Throw 

Just After Throw 



3a) Assume black dot (pivot) is the origin. 
Let downwards be the positive direction. 

𝑟𝑟𝐶𝐶𝐶𝐶 =
𝑚𝑚1𝑟𝑟1 + 𝑚𝑚2𝑟𝑟2
𝑚𝑚1 + 𝑚𝑚2

 

In this equation 𝑟𝑟𝑖𝑖 is distance from pivot to center 
of the 𝑖𝑖𝑡𝑡ℎ mass. 

𝑟𝑟𝐶𝐶𝐶𝐶 =
(𝑀𝑀)2𝑅𝑅 + (2𝑀𝑀)𝑅𝑅

𝑀𝑀 + 2𝑀𝑀
 

𝒓𝒓𝑪𝑪𝑪𝑪 =
𝟒𝟒
𝟑𝟑
𝑹𝑹 ≈ 𝟏𝟏.𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑 

 
3b) One must use parallel axis theorem to 
determine moment of inertia of the spherical shell. 

𝐼𝐼1 = 𝐼𝐼𝐶𝐶𝐶𝐶 1 + 𝑚𝑚1𝑑𝑑12 

𝐼𝐼1 =
2
3
𝑀𝑀𝑅𝑅2 + 𝑀𝑀(2𝑅𝑅)2 =

14
3
𝑀𝑀𝑅𝑅2 

Get moment of inertia of the rod from eqt’n sheet: 

𝐼𝐼2 =
1
3

(2𝑀𝑀)(2𝑅𝑅)2 =
8
3
𝑀𝑀𝑅𝑅2 

Total moment of inertia is thus: 

𝑰𝑰𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 = 𝑰𝑰𝟏𝟏 + 𝑰𝑰𝟐𝟐 =
𝟐𝟐𝟐𝟐
𝟑𝟑
𝑴𝑴𝑹𝑹𝟐𝟐 ≈ 𝟕𝟕.𝟑𝟑𝟑𝟑𝟑𝟑𝑹𝑹𝟐𝟐 

 
3c) The center of mass experiences vertical displacement (magnitude): 

ℎ𝐶𝐶𝐶𝐶 = 𝑟𝑟𝐶𝐶𝐶𝐶(1 − cos 𝜃𝜃) =
4
3
𝑅𝑅(1 − cos𝜃𝜃) ≈ 0.2667𝑅𝑅 

Do an energy problem.  Since the object is swinging, model kinetic energy as pure rotational energy. 
When and object rolls we use both translational & rotational kinetic energies… 

𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑔𝑔ℎ𝐶𝐶𝐶𝐶 𝑖𝑖 +
1
2
𝐼𝐼𝜔𝜔𝑖𝑖

2 = 𝑚𝑚𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑔𝑔ℎ𝐶𝐶𝐶𝐶 𝑓𝑓 +
1
2
𝐼𝐼𝜔𝜔𝑓𝑓2 

Set bottom of swing as ℎ = 0.  When reaching max angle, pendulum is instantaneously at rest. 
1
2
�

22
3
𝑀𝑀𝑅𝑅2�𝜔𝜔𝑖𝑖

2 = (3𝑀𝑀)𝑔𝑔 �
4
3
𝑅𝑅(1 − cos 𝜃𝜃)� 

𝜔𝜔𝑖𝑖 = �12𝑔𝑔
11𝑅𝑅

(1 − cos 𝜃𝜃) 

𝝎𝝎𝒊𝒊 ≈ 𝟎𝟎.𝟒𝟒𝟒𝟒𝟒𝟒�
𝒈𝒈
𝑹𝑹

 

  

𝐿𝐿
=

2𝑅𝑅
 

𝑅𝑅
 

𝜃𝜃 𝜃𝜃 

ℎ𝐶𝐶𝐶𝐶  
 



4a) Expect pulley 1 to rotate CCW. 
According to right hand rule: 

1. Curl fingers of right hand in direction of rotation. 
2. Thumb indicates direction of rotation. 

Rotation of pulley 1 is out of the page. 
According to the given coordinate system: 𝝎𝝎�𝟏𝟏 = +𝒌𝒌�. 
 
4b) When pulleys have mass, tension is not the same throughout. 
Consider sum of torques on pulley 1: 

𝑟𝑟1𝑇𝑇𝑎𝑎 sin 90° − 𝑟𝑟1𝑇𝑇𝑏𝑏 sin 90° = 𝐼𝐼1𝛼𝛼1 
Notice we require tension 𝑇𝑇𝑎𝑎 in string 𝑠𝑠𝑎𝑎 must be larger than tension 
𝑇𝑇𝑏𝑏  in 𝑠𝑠𝑏𝑏 if 𝛼𝛼1 > 0!   
Similarly, tension in string 𝑠𝑠𝑏𝑏 must be larger than in 𝑠𝑠𝑐𝑐  to cause 
pulley 2 to rotate out of the page. 
 
4c) If the string is inextensible, and both masses are connected to it, both masses accelerate with same magnitude. 
The accelerations can be different if using different strings attached at different radii (or if the string is extensible). 
 
4d) Start with what we know…translational acceleration of both blocks are equal (magnitude). 
Then use each pulley radius to convert translational acceleration to angular acceleration. 

𝑎𝑎3 = 𝑎𝑎4 
𝑟𝑟1𝛼𝛼1 = 𝑟𝑟2𝛼𝛼2 

𝛼𝛼1 =
𝑟𝑟2
𝑟𝑟1
𝛼𝛼2 

𝛼𝛼1 =
𝑟𝑟2

2𝑟𝑟2
𝛼𝛼2 

𝜶𝜶𝟏𝟏 =
𝟏𝟏
𝟐𝟐
𝜶𝜶𝟐𝟐 

 
4e) We are told the pulleys have equal density and thickness. 

𝑚𝑚1 = 𝜌𝜌𝜌𝜌𝑟𝑟12𝑡𝑡        while       𝑚𝑚2 = 𝜌𝜌𝜌𝜌𝑟𝑟22𝑡𝑡 
Because 𝑚𝑚1 has twice the radius we see it has FOUR times the mass (notice each mass has 𝑟𝑟2 in it). 
 
 
4f) We are told the pulleys have equal density and thickness. 

𝐼𝐼1 =
1
2
𝑚𝑚1𝑟𝑟12 =

𝜋𝜋
2
𝜌𝜌𝜌𝜌𝑟𝑟14        while       𝐼𝐼2 =

1
2
𝑚𝑚2𝑟𝑟22 =

𝜋𝜋
2
𝜌𝜌𝜌𝜌𝑟𝑟24 

Because 𝐼𝐼1 has twice the radius we see 𝐼𝐼1 = 16𝐼𝐼2 (notice each mass has 𝑟𝑟2 in it). 
 
  

1 
2 

𝑥𝑥 

𝑦𝑦 

𝑠𝑠𝑎𝑎 

𝑠𝑠𝑏𝑏 

𝑠𝑠𝑐𝑐 

3 

4 

𝑟𝑟1 
𝑟𝑟2 



5a) Energy is lost during a perfectly inelastic collision. 
Think: the point particle (clay?) had to deform to stick to the disk. 
 
Linear momentum is lost.  The axle exerts an external force which 
prevents the disk from translating to the left just after the collision. 
 
Angular momentum is conserved.  The force exerted by the axle 
generates no torque because it is applied on the axis of rotation. 
 
5b) Do a conservation of angular momentum problem. 
Think carefully about the point particle before starting. 

𝐿𝐿�⃑ 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 = 𝑟𝑟 × 𝑝𝑝 = 𝑚𝑚𝑚𝑚𝑟𝑟⊥ 𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝𝐝 𝐨𝐨𝐨𝐨𝐨𝐨 𝐨𝐨𝐨𝐨 𝐭𝐭𝐭𝐭𝐭𝐭 𝐩𝐩𝐩𝐩𝐩𝐩𝐩𝐩 
Notice angular momentum of the disk is in the opposite direction!!! 

𝐿𝐿�⃑ 𝑖𝑖 = 𝐿𝐿�⃑ 𝑓𝑓 
𝐼𝐼𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝜔𝜔0�−𝑘𝑘�� + 𝑚𝑚𝑚𝑚𝑟𝑟⊥�+𝑘𝑘�� = 𝐼𝐼𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡(0.725𝜔𝜔0)�−𝑘𝑘�� 

Be careful.  The point mass is 8 times lighter than the disk!!! 

− �
1
2

(8𝑚𝑚)𝑅𝑅2�𝜔𝜔0 + 𝑚𝑚𝑚𝑚𝑅𝑅 = − �
1
2

(8𝑚𝑚)𝑅𝑅2 + 𝑚𝑚𝑅𝑅2� (0.725𝜔𝜔0) 

Divide everything by 𝑚𝑚 & 𝑅𝑅 and clean up fractions. 
−4𝑅𝑅𝜔𝜔0 + 𝑣𝑣 = −5𝑅𝑅(0.725𝜔𝜔0) 

Solve for 𝑣𝑣. 
𝒗𝒗 = 𝟎𝟎.𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝟑𝝎𝝎𝟎𝟎 

 

 

One student wondered if the axle itself was a major contributor to the moment of inertia. 
It is not. 

 
Think: the axle runs along the axis of rotation (not perpendicular to it.. 
All mass of the axle is essentially at the axis itself! 
In the equation for moment of inertia (𝐼𝐼 = ∫ 𝑟𝑟2 𝑑𝑑𝑑𝑑) we see 𝑟𝑟 ≈ 0 for all parts of the axle. 
Just like in yo-yo problems, the axle produces negligible contribution to the total moment of inertia of the disk!  

Just Before 
Impact 

Just After 
Impact 

𝑟𝑟 

𝑣⃑𝑣 

𝜔𝜔0 0.725𝜔𝜔0 
𝑟𝑟⊥ = 𝑅𝑅 

𝜔𝜔𝑓𝑓 = 27.5% 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙 𝑡𝑡ℎ𝑎𝑎𝑎𝑎 𝜔𝜔0 = 0.725𝜔𝜔0 



6a) We are told rotation occurs in the 𝑥𝑥𝑥𝑥-plane.   
This is akin to stating the object rotates about the 𝑦𝑦-axis. 
The initial value of 𝜔𝜔 is negative.  Rotation direction is −𝚥𝚥̂. 

6b) The initial rotation speed is �−4.00 rad
s
�.  Convert: 

4.00
rad

s
×

1 rev
2𝜋𝜋 rad

×
60 s

1 min
≈ 𝟑𝟑𝟑𝟑.𝟐𝟐 𝐑𝐑𝐑𝐑𝐑𝐑 

6c) Initial kinetic energy is given by  

𝑅𝑅𝑅𝑅𝐸𝐸𝑖𝑖 =
1
2
𝐼𝐼𝜔𝜔𝑖𝑖

2 

𝑅𝑅𝑅𝑅𝐸𝐸𝑖𝑖 =
1
2
�

1
12

𝑚𝑚(𝑠𝑠2 + 𝑠𝑠2)�𝜔𝜔𝑖𝑖
2 

𝑅𝑅𝑅𝑅𝐸𝐸𝑖𝑖 =
1
2

[0.013450 kg ∙ m2] �4.00
rad

s
�
2

 

𝑹𝑹𝑹𝑹𝑬𝑬𝒊𝒊 ≈ 𝟏𝟏𝟏𝟏𝟏𝟏.𝟔𝟔 mJ 

6d) Torque magnitude is given by 

𝜏𝜏 = 𝐼𝐼|𝛼𝛼| =
1

12
𝑚𝑚(𝑠𝑠2 + 𝑠𝑠2) �

𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟
𝑟𝑟𝑟𝑟𝑟𝑟

� = (0.013450 kg ∙ m2) �
  4.00 rad

s   
0.200 s

� ≈ 269 mN ∙ m 

Notice why the little bullet is important…it clarifies what is a unit versus what is a prefix in this result! 

6e) Angular displacement is determined by adding up total area under the curve on the 𝜔𝜔𝜔𝜔-plot. 
Areas are always drawn to the time axis with areas below the time axis being negative. 
To get angular distance one would instead sum the absolute value of these areas… 

Δ𝜃𝜃 = 𝐴𝐴𝐴𝐴𝐴𝐴𝑎𝑎1 + 𝐴𝐴𝐴𝐴𝐴𝐴𝑎𝑎2 

Δ𝜃𝜃 =
1
2
�−4.00

rad
s
� (0.200 s) +

1
2
�10.00

rad
s
� (0.500 s) 

Δ𝜃𝜃 = 2.100 rad 
Don’t forget to convert to revolutions as requested!!!! 

𝚫𝚫𝜽𝜽 ≈ 𝟎𝟎.𝟑𝟑𝟑𝟑𝟑𝟑 rev 

6f) The corner of the plate is radius 𝑟𝑟 = ��𝑠𝑠
2
�
2

+ �𝑠𝑠
2
�
2

= 𝑠𝑠
√2
≈ 0.2440 m from the axis of rotation. 

Initial total acceleration (magnitude) is thus 

𝑎𝑎𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = �𝑎𝑎𝑡𝑡𝑡𝑡𝑡𝑡2 + 𝑎𝑎𝑐𝑐2 

𝑎𝑎𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = �(𝑟𝑟𝛼𝛼)2 + (𝑟𝑟𝜔𝜔𝑖𝑖
2)2 

𝑎𝑎𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡𝑡 = 𝑟𝑟�𝛼𝛼2 + 𝜔𝜔𝑖𝑖
4 

𝒂𝒂𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕𝒕 ≈ 𝟔𝟔.𝟐𝟐𝟐𝟐
𝐦𝐦
𝐬𝐬𝟐𝟐
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7a) I used the upper figure to figure out some angles. 
The lower figure shows the FBD. 
 
The question is asking about linear mass density. 
It makes sense to rewrite mass using 

𝑚𝑚 = 𝜆𝜆𝐿𝐿 
where 𝜆𝜆 is linear mass density. 
Note: in general we assume 𝑚𝑚 = ∫𝜆𝜆 𝑑𝑑𝑑𝑑, but 𝑚𝑚 = 𝜆𝜆𝜆𝜆 is valid for uniform density. 
 
DO TORQUES FIRST!!!  I will use Σ𝜏𝜏 = 0 about the pivot point. 
Assuming torques out of the page are positive, sum of torques gives: 

−
𝐿𝐿
2

(𝜆𝜆𝐿𝐿)𝑔𝑔 sin 60.0° + 𝐿𝐿𝑇𝑇 sin 140.0° = 0 

𝜆𝜆𝐿𝐿𝐿𝐿
2

sin 60.0° = 𝑇𝑇 sin 140° 

𝜆𝜆 =
2𝑇𝑇 sin 140.0°
𝐿𝐿𝐿𝐿 sin 60.0°

 

𝝀𝝀 ≈ 𝟒𝟒𝟒𝟒.𝟒𝟒𝟗𝟗
𝐤𝐤𝐤𝐤
𝐦𝐦

 

 
7b) For reaction forces, I want to split up all forces (including tension) on a standard 𝑥𝑥𝑥𝑥-coordinate system. 
We do it this way since almost everyone splits the pivot reaction force into 𝑅𝑅𝑥𝑥 & 𝑅𝑅𝑦𝑦 with standard 𝑥𝑥𝑥𝑥-coordinates. 
Do horizontal sum of forces: 

Σ𝐹𝐹𝑥𝑥:    𝑇𝑇 cos 70.0° + 𝑅𝑅𝑥𝑥 = 0 

𝑅𝑅𝑥𝑥 = −𝑇𝑇 cos 70.0° 

𝑹𝑹𝒙𝒙 = −𝟑𝟑𝟑𝟑.𝟐𝟐𝟎𝟎 N 
Notice the result is negative.   
This implies the actual direction of the horizontal reaction force component is opposite the direction drawn. 
Said another way, we know 𝑅𝑅𝑥𝑥 is actually directed to the left. 
 
Now do vertical sum of forces (using the same standard coordinate system). 

Σ𝐹𝐹𝑦𝑦:    𝑇𝑇 sin 70.0° + 𝑅𝑅𝑦𝑦 − 𝜆𝜆𝜆𝜆𝜆𝜆 = 0 

𝑅𝑅𝑦𝑦 = 𝜆𝜆𝜆𝜆𝜆𝜆 − 𝑇𝑇 sin 70.0° 

𝑹𝑹𝒚𝒚 = −𝟓𝟓𝟓𝟓.𝟒𝟒𝟖𝟖 N 
Notice the result is negative.   
This implies the actual direction of the vertical reaction force component is opposite the direction drawn. 
Said another way, we know 𝑅𝑅𝑦𝑦 is actually directed downwards. 
 
Now get the magnitude as requested: 

𝑹𝑹 = �𝑹𝑹𝒙𝒙𝟐𝟐 + 𝑹𝑹𝒚𝒚𝟐𝟐 ≈ 𝟔𝟔𝟔𝟔.𝟑𝟑 N 

  
 

𝑹𝑹𝒙𝒙 

𝑅𝑅𝑦𝑦 

𝑚𝑚𝑚𝑚 = 𝜆𝜆𝜆𝜆𝜆𝜆 

𝑇𝑇 

𝑇𝑇𝑥𝑥  

𝑇𝑇𝑦𝑦 


